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SUMMARY

Fundamental concepts underlying spectral collocation methods, especially pertaining to their use in the
solution of partial differential equations, are outlined. Theoretical accuracy results are reviewed and
compared with results from test problems. A number of practical aspects of the construction and use of
spectral methods are detailed, along with several solution schemes which have found utility in applications of
spectral methods to practical problems. Results from a few of the successful applications of spectral methods
to problems of aerodynamic and fluid mechanic interest are then outlined, followed by a discussion of the
problem areas in spectral methods and the current research under way to overcome these difficulties.
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INTRODUCTION

Spectral methods may be viewed as an extreme development of the class of discretization schemes
known by the generic name of the method of weighted residuals (MWR).! The key elements of the
MWR are the trial functions (also called the expansion or approximating functions) and the test
functions (also known as weight functions). The trial functions are used as the basis functions for a
truncated series expansion of the solution, which, when substituted into the differential equation,
produces the residual. The test functions are used to enforce the minimization of the residual.

The choice of trial function is what distinguishes the spectral methods from the finite-element
and finite-difference methods. The trial functions for spectral methods are infinitely differentiable
global functions. (Typically they are tensor products of the eigenfunctions of singular Strum-—
Liouville problems.) In the case of finite-element methods, the domain is divided into small
elements and a trial function is specified in each element. The trial functions are thus local in
character and well suited for handling complex geometries. The finite-difference trial functions are
likewise local.

The choice of test function distinguishes between the Galerkin, collocation and tau approaches.
In the Galerkin approach, the test functions are the same as the trial functions; whereas, in the
collocation approach, the test functions are translated Dirac delta functions. In other words, the
Galerkin approach is equivalent to a least-squares approximation, whereas the collocation
approach requires the differential equation to be satisfied exactly at the collocation points. Spectral
tau methods are close to Galerkin methods but they differ in the treatment of boundary conditions.

The collocation approach is the simplest of the MWR, and appears to have been first used by
Slater? in his study of electronic energy bands in metals. A few years later, Barta® applied this

*Based on an invited lecture.
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method to the problem of the torsion of a square prism. Frazer et al.* developed it as a general
method for solving ordinary differential equations. They used a variety of trial functions and an
arbitrary distribution of collocation points. The work of Lanczos® established for the first time that
a proper choice of trial functions and distribution of collocation points is crucial to the accuracy of
the solution. Perhaps he should be credited with laying down the foundation of the orthogonal
collocation method. This method was revived by Clenshaw,® Clenshaw and Norton” and Wright.®
These studies involved application of Chebyshev polynomial expansions to initial-value problems.
Villadsen and Stewart® developed this method for boundary-value problems.

The earliest investigations of the spectral collocation method to partial differential equations
were those of Kreiss and Oliger!® (who called it the Fourier method) and Orszag'! (who termed it
pseudospectral). This approach is especially attractive because of the ease with which it can be
applied to variable coefficient and even non-linear problems. The essential details will be furnished
below.

The Galerkin approach is perhaps the most aesthetically pleasing of the MWR since the trial
functions and the test functions are the same. Indeed, the first serious application of spectral methods
to PDEs—that of Silberman!? for meteorological modelling—used the Galerkin approach.
However, spectral Galerkin methods only became practical for high-resolution calculations of
non-linear problems after Orszag!® and Eliasen et al.'* developed a transform method for
evaluating convolution sums arising from quadratic non-linearities. Even in this case, spectral
collocation methods retain a factor of two in speed. For more complicated non-linear terms, high-
resolution spectral Galerkin methods are still impractical.

The tau approach is the most difficult to rationalize within the context of the MWR. Lanczos®
developed the spectral tau method as a modification of the Galerkin method for problems with
non-periodic boundary conditions. Although it too is difficult to apply to non-linear problems, it
has proven quite useful for constant-coefficient problems or subproblems, e.g. for semi-implicit
time-stepping algorithms.

In the following discussion of the application of spectral methods to the solution of PDEs,
rigorous mathematical detail will be avoided. Rather, emphasis will be given to the practical
aspects of their implementation to solution of realistic problems. A few details on the fundamentals
of spectral discretization will be given, and their performance on various test problems will be
shown. Next, a number of solution schemes which have found utility in applications of spectral
methods to practical problems will be discussed. Results from a few of the successful applications of
spectral methods to problems of acrodynamic and fluid mechanics interest will then be outlined,
followed by a discussion of the problem areas in spectral methods and the current research
underway to ovecome these difficulties.

FUNDAMENTALS

In this section, some classical aspects of spectral methods are laid out; References 1 and 5 are used
here as a guide.

Consider a function U(x), where U(x) € C™(m > 1) and is 2n-periodic. The trigonometric sum
U, (x), which interpolates U(x) on 2n evenly spaced points in [0, 27], is given by

U,(x) = Ulx)
for

J

x~=%, 0<j<2n—1, (1)

U,(x)= 70 Z a, cos kx + b, sin kx) + %—"cos nx,
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where the coefficients are established by

2n—1
ak=; z U(xJ)COSka,

et O<k<n, @
be== Y U(x)sinkx;.

n j=o

The formulae for the coefficients a, and b, are simple, since the functions cos kx and sin kx are
discretely orthogonal on the {x;}:

_— 0, r#s,

Y cosrx;cossx;=<¢n, n>r=s>0, 3

7=0 2n r=s=0 3)
) =§5= ’n3

2n—1

Y. cosrx;sinsx;=0, 0<r,s<n,

j=o

- 0, r#r,

Y sinrx;sinsx;=¢n, n>r=s5>0,

P

’ 2n, r=s=0,n

It can be shown by a simple integration-by-parts argument!® that, for m > 1, the error in this
approximation is

0 - U1 =0( ). @

Note that the power of 1/n in equation (4), which is generally known in numerical methods as the
‘order’ of the fit, is not a constant inherent to the method, but is tied directly to the smoothness of
the function being fit. This is different from the use of local polynomials to interpolate a function,
where the order of the fit is related to the order of the polynomial used. (Finite-difference
representations may be thought of as being derived from local polynomial interpolations.) Thus,
for the trigonometric interpolation, if U(x)eC®, then U,(x) approaches U(x) everywhere faster
than any (finite) power of 1/n. This is termed ‘exponential’ or ‘infinite-order’ accuracy; the latter
term is unfortunate, since many confuse the term ‘infinite-order accuracy’ with ‘infinite accuracy’,
which certainly is not implied.

Recall that for a function to be periodic and C*, the right and left limits of the function and every
derivative exist and are equal at every point, including the endpoints of the period, which are
essentially the same point. Thus, if a function is C* in [0, 27], but only the functional values and no
higher derivatives are equal at the endpoints, then the function considered as being 2n-periodic
is only C°. Convergence of a trigonometric interpolation, then, would be quite slow, e.g. less
than first order. Thus, if an exponential-order interpolation of a function with arbitrary end
conditions is required, the interpolation must be singular in some sense. For instance, consider
a non-periodic function ¥(y)eC™ on [ — 1, 1]. Define a new independent variable

¢=cosly (5)
and a new function V(¢) such that

V() =V(), yel—-111. ©6)
The function ¥ is then defined on ¢€[0, z]. Equation (6) may be rewritten as

V($)=V(cos¢), ¢ef0,n]. (M
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Now

V'(¢) = V'(cos ¢)(— sin ¢),
v (¢)= V" (cos ¢)( — sin® @) + 3V"(cos ¢p)(cos ¢ sin ) + V'(cos ¢)(sin ¢), etc. 8)

Therefore, if VeC™, then ¥V is C™ and half-periodic on [0,7]. A trigonometric interpolation
V,(y) involving only ‘cosine’ terms is applicable to such a function; i.e.

%M—§+Zaw%WM) )

a L
=2+ Y a;cos(jcos™y).
2 &=
An error bound on V,(y) similar in form to equation (4) may be found.
The ‘singularity’ of this interpolation is seen in the distribution of interpolation points y;

corresponding to the evenly spaced ¢;:
y]-=COS-T:l—J, 0<j<n (10)

Since dy/d¢ =0 at ¢ = 0,n, the node points y; pack near the boundaries y= — 1 and 1; this
‘packing’ serves to overpower the slow convergence of the interpolation near the boundaries.

The interpolation V,(y) generated by the change of variables artifice in equation (6) may be
interpreted differently. The points y; from equation (4) are seen to be the zeros of the (n + 1)th
Chebyshev polynomial T, ,(y), where the Chebyshev polynomials are defined by

T.(y)=2""Dcos(ncos 'y). (1

Thus, the trigonometric interpolation from equation (9) is identical with an interpolatory series in
Chebyshev polynomials. This shows that a Chebyshev series also exhibits exponential
convergence.

The construction of an approximation series may be looked at from another viewpoint which is
useful in the utilization of other basis functions, i.e. Legendre polynomials. Represent an n-term
approximating series for a function W(z) as

n

mw=;qmn (12)

where the { B;(z)} are the set of basis functions and the c; the series coefficients representing W(z).
The approximating series may be defined by requiring that the L,-norm of the error, with weight
function w(z),

b

IW(z)— W,@)I3 = J‘ w(2)(W(z) — W,(2))* dz, (13)

a

be a minimum. For a particular choice of {B;(z)}, define the function of {¢;}:
b n 2
WY(é,,6,,...,¢6,)= J <w(z) W(z)— Z c‘iBi(z)> dz. (14)
a i=1

Minimization of ¥ with respect to {¢;} then yields the desired coefficients {c;}. Now, at the
minimum of ‘P, the coefficients {¢;} must satisfy
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ik 4
| =0, j=1,2,....n, (15)
acf ¢i=¢; !
which yields
n b b
Y cij w(z)Bi(2) B;(z)dz = J w(z)W(z) Bj(2)dz, j=1,2,...,n (16)
i=1 a a
If the basis functions {B;} are orthogonal with respect to this inner product, e.g.
b
j w(z)B{(2)Bz)dz =0, i#], 17
then
b b
¢;= j w(z)W(z)B/(2) dz/J w(z)B3(z)dz, j=1,2,...,n. (18)

For this approximation-series construction technique to be useful in this context, the integrals in
equation (18) above must be approximated by finite weighted sums of values of the integrand at
specific collocation points. The Gauss—Lobatto form!® is usually used, as this form includes the
endpoints of the interval in the weighted sum. Sobolev space arguments confirm exponential-order
convergence for these approximation series, for Chebyshev or Legendre basis functions.!”

In order to use the above series representations in the context of solution of differential
equations, an operator which approximates differentiation must be developed. Represent
schematically an interpolation series for a function W(z) as before as

W,(2) = Z ¢;Bj(2), (19)

where the { B;(z)} are the set of basis functions and the c; the series coefficients representing W. If
W(z) is periodic, then sines and cosines are natural basis functions; if general end conditions are to
be met, then the Chebyshev polynomials may be used as basis functions. The coefficients c; are
evaluated from convolution sums in either case; these sums involve the values of W at the set of
interpolation or ‘collocation’ points, {z;}. Note then that

n

Wi (z)= Z c;Bj(z), (20)
i.e. that the derivative of the interpolation series involves the derivatives of the basis functions; the
coefficients c; are not affected.
The error bound | W’(z) — W;,(2)| is obvious from equation 4; indeed, if W(z) is analytic, then the
series W;,(z) will exhibit exponential-order convergence to W’(z).
A specific form for the derivatives of the basis functions Bj(z) must be found. To accomplish this,
represent Bj(z) as a series

Bi@)= Y, duBy(2). (21)

The coefficients d; may be considered as elements of an operator D which approximates the
derivative of the set of basis functions as a series of the basis functions. Therefore.

™=

Wie)=

J

¢ ki d4B,(2). 22)

]

1
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This may be rewritten as

n

W,(z) = Izl e,By(2) 23
by manipulating the nested series; the e, are thus the coefficients of the series in B,(z) representing
W'(z).

The techniques for utilizing these high-order representations of a function and its derivative in
numerical solution of a differential equation were briefly described in the Introduction. The
collocation method, wherein the approximation polynomial is required to satisfy the differential
equation exactly at the collocation points (the quadrature points of the discrete approximation to
equation (18), is the most often used for a number of reasons. First, non-linearities are formulated in
a straightforward manner, using the function and its derivatives directly in the ‘physical’ space
rather than formulated in difficult convolution sums in the ‘coefficient’ space. Similarly, boundary
conditions may be directly and straightforwardly implemented, as the usual choice of collocation
points includes the boundary points at which conditions must be set. Second, a number of efficient
solution schemes are suggested by the pointwise physical space representation, as will be discussed
in the fourth section. Finally, model problem results indicate an accuracy advantage of collocation
over the Galerkin and tau methods. For these reasons, the following discussions will be restricted
to the implementation of the collocation technique.

MODEL PROBLEM RESULTS

In this section, a number of model problems are discretized using spectral collocation techniques;
comparison with corresponding finite-difference results shows the accuracy of this method.
The first example is provided by the model problem

u,+u,=0, (24)
with periodic boundary conditions on [0,2x] and the initial condition
u(x,0) = sin(wcos x).
The exact solution is
u(x,t)=sin[rwcos(x — f)=]. (25)

Equation (24) was discretized in the x-direction using Fourier series, which is a natural choice for a
periodic problem, and using second- and fourth-order finite differences. The time-advancement
scheme was a classical fourth-order Runge—Kutta; the time step was taken so small for these
comparisons that time-discretization errors were negligible. Shown in Table I are the maximum

Table I. Maximum error for a 1-D periodic problem

N Fourier Second-order Fourth-order
spectral finite finite
difference difference
8 162 (—1) 1-11 (0) 962 (—1)
16 497 (-4 613 (—1) 236 (—1)
32 1:03 (—11) 199 (—-1) 2:67 (—2)
64 955 (—12) 542 (-2) 1-85 (—3)

128 137 (=2) 1118 (—4)
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errors at t = 1 for the various discretization methods. Because the solution is infinitely smooth, the
error estimate of the Fundamentals section indicates that the spectral method should converge
faster than any power of 1/N; indeed, this behaviour is seen. Note that the error for the N =64
spectral result is so small that it is affected by the machine round-off error (single precision on a
CDC CYBER 175). In most practical applications, the benefit of the spectral method is not the
extraordinary accuracy available for large N, but rather the small size of N necessary for a
moderately accurate solution.

To illustrate the use of Chebyshev spectral discretization, boundary and initial conditions were
chosen so that

u(x,t) = sinoan(x —t) (26)

was a solution of equation (24). Time discretization was the same as in the first problem. Shown in
Table II are the results for Chebyshev and second-order finite-difference discretizations. Also
included is discretization by Fourier series, which is inappropriate for this non-periodic problem.
The Chebyshev spectral method shows the expected exponential-order convergence, where the
error of the Fourier discretization remains O(1).

The final model problem example is that of Laplace’s equation

U + Uy, =0 27
on[—1,1] x [ — 1,1}, with boundary conditions
ny
u(xs - 1)= u(x: 1) =u(_ 19y)= 0’ u(l’y)= COST.
Shown in Table III are the maximum errors from Chebyshev and second-order finite-difference

discretizations of this problem. Again, the exponential-order convergence of the spectral method is
apparent.

Table II. Maximum error for a 1-D Dirichlet problem

N Chebyshev Fourier Finite

spectral spectral difference

4 149 (0 1-85 (0) 1-64 (0)

8 692(—-1 1-92 (0) 1-73 (0)
16 150 (—4) 227 (0) 1-23 (0)
32 345 (—11) 2:28 (0) 334 (- 1)
64 955 (—11) 2-27 (0) 844 (—-2)

Table I1I. Maximum error for Laplace
equation problem

N Chebyshev Finite
spectral difference

7 135 (=5) 915 (—3)
9 884 (—8) 554 (—3)
11 402 (—10) 348 (=3)
13 131 (=12 150 (—3)
16 131 (=12) 110 (=3)
20 681 (—4)
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SOLUTION SCHEMES FOR SPECTRAL DISCRETIZATIONS

Efficient solution of the equations from spectral discretizations is essential if the high-order
accuracy of these methods is to be realized in practice. Direct solution of these equations is rarely
feasible, thus iterative techniques are required. As a consequence of the ability of spectral methods
to capture accurately a wide bandwidth of information, the eigenvalue spread of a spectral
operator is large, typically of the order of the square of a corresponding low-order finite-difference
operator. Therefore, an explicit method would converge quite slowly and the convergence rate
would deteriorate very rapidly with mesh refinement. Implicit methods are not efficient, since
spectral operators are full rather than banded as in the case of finite difference.

An alternative to pure explicit iterative schemes is a preconditioned scheme, where explicit
iteration of some form is driven not by the spectral residual, but by the residual obtained after some
processing is applied to reduce its eigenvalue spread. As will be shown later, this process can also be
thought of as an approximate implicit scheme, which can give some insight into a relevant
preconditioning operator.

Preconditioned iteration schemes for spectral collocation discretization of second-order
equations are well known and proven. For instance, the time-accurate incompressible Navier—
Stokes simulations of certain fluid mechanical phenomena, in which Chebyshev collocation is used
in two co-ordinate directions, require the solution of a number of Helmholtz or Poisson equations
per time step.® The preconditioning operator for these second-order equations is the low-order
central finite-difference operator, using the Chebyshev collocation points as its mesh. Orszag'®
originally suggested such preconditioning and provided some analysis for the case of Fourier
discretization. Included here are some results which indicate the efficiency of this technique for
Chebyshev discretizations.

The steady-state compressible Euler or Navier—Stokes equations at high Reynolds numbers,
however, are advection dominated. A spectral solution technique for such equations must
therefore deal with operators which are predominantly first order. Application of preconditioning
equivalent to that used for second derivatives will not work, however. Elementary analysis of
preconditioning first-order Fourier discretization with central finite difference on the collocation
mesh indicates that the convergence rate of such a scheme would be unacceptable; the eigenvalue
spread of this preconditioned operator is unbounded. A similar situation appears in the case of
Chebyshev discretization, as will be shown here.

A preconditioning scheme for first-order Chebyshev collocation operators is proposed herein, in
which the central finite-difference mesh is finer than the collocation mesh.?° Details of the proper
techinques for transferring information between the meshes are given, and the scheme is analysed
by examination of the eigenvalue spectra of the preconditioned operators.

Consider the following linear equation:

Lou=f (28)

where the operator L, is derived from spectral collocation of a differential equation. An iterative
scheme is to be used to solve this equation. Given a current estimate of the solution u" at iterate ‘n’, a
simple Richardson iteration scheme for computing a better estimate u"*?! is

utl=u" — w(Lspun —f)a (29)

where the scalar relaxation factor w may be chosen either experimentally or via a requirement that
some norm of the residual

R'=Lu"—f (30)
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be minimized at each step. Rewriting the scheme (29) as
Wt —y"=Au"= — wR" 31

shows the explicit nature of this iteration. Preconditioning involves choosing an operator M which
is more easily invertible than L, and for which the scheme

Au" = — oM~ 'R" (32)

sp?

converges more rapidly than the scheme (31). The convergence rate of such schemes is quantified in
the following way. Expand (32) as

"t =(I— oM 'L u"— oM™ f, (33)

where I is the identity operator. Subtracting the discrete solution to equation (28) (the desired
solution u) from both sides of (33), and adding to the right-hand side

oM™ (Lgu—f), (34)
which is equal to zero by (28), yields an equation for the discrete error:
Wt —u)=(I — oM L) u"—u). (35)
For the preconditioner scheme (32) to be convergent, all norms of 4" — u must decrease; thus,
[I=wM™'Lg,| <1 (36)

is required. Given a preconditioning operator M, the relaxation factor w is used to satisfy
equation (36).

From equation (36) may be seen what constitutes an effective preconditioner: if the eignevalues of
M™!L,, are clustered in a unit circle centred at 1 in the complex plane, then all error components
will converge at nearly the same rate, and an optimal w may be chosen which will yield rapid
convergence. A slow scheme is characterized by a wide spread of eigenvalues from such a clustered
pattern.

As an aside, a preconditioned iteration scheme may be looked at as an approximate implicit
scheme in the following way. Ideally, given an estimate u", one wants the residual at the next iterate
to be zero; expand

R = Lo+ Au")— =0 (37)
or
L,Au= —R". (38)

However, L, is difficult to invert; approximate it on the left by a more easily inverted operator
o~ M, giving
Au"= —wM 'R, (39)

which is identical to equation (32). Thus, the better w ~ ' M approximates L, the faster the scheme
will converge.
The inverse of the preconditioning operator may be obtained and used directly, as implied by

equation (32), or the preconditioning equation

MAW"= — wR" 40)

sp?

may be inverted iteratively. This procedure is beneficial when the spectral operator L, is non-
linear, necessitating a different operator M at each iterate, or when M is still expensive to invert. An
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example of the latter case is when equation (28) results from spectral discretization of a PDE in two
or more dimensions. The corresponding finite-difference discretization operator works well as a
preconditioner (with the modifications described in the next section for first-order operators), but
may still be expensive to invert due to its size. An iterative technique for computing the Au” is more
efficient than direct inversion for this case, using, for instance, an approximate-factorization
scheme (equation (32)) to converge rapidly.

As stated earlier, preconditioning of second-order equations is relatively easy. Use of second-
order central finite-difference operators, defined directly on the collocation points using unequal
mesh formulae, gives excellent performance for iterative solution. The eigenvalues of the
preconditioned operator remain real and are positive and bounded with the number of modes. To
illustrate this, the maximum eigenvalues of the Chebyshev second-order operator with Dirichlet
boundary conditions imposed, with and without this finite-difference preconditioning, are shown
in Table IV. Note that as this norm of L, alone goes like N*, it remains bounded for the
preconditioned operator.

This fortuitous circumstance does not carry over for first-order operators, however. A simple
example will show why preconditioning using central finite differences on the collocation mesh is
inadequate. For the model scalar problem U, = f with periodic boundary conditions on [0, 2x],
the eigenvalues of the Fourier collocation operator ¢/0x are iz Ax, where o is the wavenumber
and Ax is the constant collocation mesh spacing. The product aAx falls in the range
O<|zAx]<n. The corresponding eigenvalues for the central difference operator are
i-sin(x Ax). Note that as « Ax—m, the ratio of these eigenvalues is unbounded. This ratio
corresponds to the eigenvalues of the preconditioned operator, denoted M ! L, in the previous
section. Such a preconditioned scheme is thus unconditionally unstable, with unbounded growth
of the highest-wavenumber error components. The use of a finite preconditioning grid averts
this unbounded component by introducing some natural dissipation in the preconditioner at
the highest wavenumber of the spectral operator.

Because of the difference between the spectral and preconditioner meshes, a scheme is needed for
transferring information between them. In multigrid terminology, a prolongation operator is
needed to transfer the spectral residual, which acts as the source term of the preconditioning
equation (40), and a restriction operator is needed to compute the solution updates on the spectral
mesh. Naturally, it is desirable to transfer as much information as possible from the spectral
residual to the preconditioning equation; spectral interpolation is therefore used for the
prolongation operator. In the restriction operation, however, aliasing of correction components,
with wavenumber higher than that of the spectral mesh, must be avoided. Therefore, spectral
restriction cannot be used; low-order Lagrange interpolation is used here.

The preconditioning scheme proposed here proceeds as follows for the spectral discretization of
a simple model problem U, = f* At each iterate, compute the residual (equation (30)) defined on

Table IV. Maximum eigenvalues of

second-order Chebyshev—Dirichlet
operator, without and with precondi-
tioning
N p(Lg) p(M~1Lg)
9 02144 x 10° 2-1314
17 03175 x 10* 2-3058
33 04994 x 10° 2-3884

45 01780 x 10° 2-4103
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N, points in the domain. This information is transferred to the (finer) preconditioning mesh via the
spectral interpolation operator IfC. Denoting

R=IPR, 1)
the preconditioning equation becomes
MAu=R, (42)

where Au is the update on the preconditioning mesh. For the model problem U, = f in
xe[ —1,1] considered here, the preconditioner M must approximate the first derivative
operator via central finite differences. One possibility is

M =69 — 82, (43)

using standard divided-difference notation. The second-difference term is required to avert the
odd-even uncoupling of the pure central first-difference operator and to aid in its inversion. Some
type of artificial viscosity is essentially always required when inverting this type of operator. Note
that this artificial viscosity does not affect the spectral solution, being confined to the
preconditioner.

The final step of this preconditioning scheme is to carry the update information to the spectral
mesh. The iterate thus concludes with

Au=T% Au
and
"l =u" + wAu, (44)

where the operator I3, uses low-order Lagrange interpolation. For analysis purposes, the above
sequence may be collected into a single operator -

M~ =TRM D, (45)

This is, in effect, the preconditioning operator applied in the above scheme.

In practice, on a real problem of interest, the finite-difference operator M is also too large to
invert directly at reasonable cost. Preconditioning operators are therefore inverted iteratively in all
but the simplest one-dimensional test problems. Experience with both first- and second-order
operators indicates that full machine-zero convergence of this iterative inversion is not necessary;
depending on the nature of the iterative scheme, only two-orders-of-magnitude reduction in the
residual of the preconditioner is necessary to obtain convergence of the overall scheme.

To investigate the effectiveness of the above preconditioning scheme, the eigenvalues of the
operator M ™' L, were computed for a number of combinations of N, and Ngp, for the model
problem

U,=sinnx, xe[—1,1], (46)
U(—1)=0.

Some basic characteristics of the eigenvalue spectra for this problem are as follows. The
eigenvalues of spectral operator L, alone are dominantly imaginary, with the magnitude of
the largest growing as NZ,. When the spectral operator is preconditioned with the central
finite-difference operator on the same mesh, the ecigenvalues of the overall operator
become dominantly real, which is a desirable feature for use in an iterative scheme. The
real parts of these eigenvalues are all positive, the smallest being near 1 and the largest of the order
of 50 for the grids investigated. The eigenvector associated with this largest eigenvalue is highly
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oscillatory, as expected from the discussion in the previous section. As Ny, is increased relative to
N,,, this eigenvalue pattern generally collapses onto the point (1, 0) in the complex plane, with both
real and imaginary parts decreasing. This collapse is at first rapid as Ngp is increased from N, then
slows as the eigenvalue with the largest real part moves to the interior of the unit circle centred at 1.
There is a single exception tothis clustered pattern, that of a small (0(0-1)) eigenvalue which
remains essentially fixed for all Ngp < N,. Its eigenvector indicates that this eigenvalue is
associated with the different conditions used at x=1 by M and L,,. In general, though, the
eigenvalues of the preconditioned operator are strongly clustered; thus one would expect rapid
convergence of the iterative scheme.

In Table V are shown the maximum and minimum eigenvalues for the preconditioned operator
from the test problem described above, for various combinations of N, and Ngp,. The range of N,
considered covers what we expect to be required in spectral discretizations of practical
aerodynamic problems. As can be seen, the maximum eigenvalue is large when Ngp = N, and
drops rapidly as Ny, is increased. The operator appears well conditioned; that is, the eigenvalues
are tightly grouped inside the unit circle centred at 1, when Ngp > 1:5N, for all of the grids
considered. The spectra for Ngp, = N, 12N, and 1-5N, are also shown in Figures 1 and 2
for Ny, =45 and 60. These results were produced with first-order Lagrange interpolation in the
restriction operator and with the artificial viscosity coefficient used in M fixed at 10~ 3. Virtually
identical results were obtained for ¢ = 10~ * and for second-order restriction.

Convergence of preconditioned iteration schemes may be accelerated by a number of means.
One powerful technique is multigrid. This technique has been extensively developed for finite-
difference and finite-element discretizations?! and has recently been applied to spectral discretiz-
ations.22724 Briefly put, multigrid methods take advantage of a property shared by a wide variety
of relaxation schemes—potential efficient reduction of the high-frequency error components, but
unavoidable slow reduction of the low-frequency components.

Let us consider just the interplay between two grids. A general, non-linear fine-grid problem can
be written

Table V. Maximum and minimum eigenvalues for
various N,, Ngp preconditioning equation (46)
(real, imaginary parts)

N sp N FD j’max }'min
9 9 2148, 0-0 1, 0-0
14 1.208, + 0046 0-339, +0310
18 1-054, +0-018 0173, 0-0
17 17 4746, 0-0 1 0-0
21 2233, 00 0-276, 0-0
26 1:364, 00 0-218, 0-0
34 1-136, 00 0-082, 0-0
33 33 5628, 0-0 1, 0-0
40 2178, 00 0-097, 0-0
55 1365, +0-013 0-056, 00
66 1348, 00 0-049, 00
45 45 3742, 00 1, + 0-002
54 2:456, 00 0073, 0-0
68 1-53, 0-0 0-049, 0-0

75 1-390, +0-062 0-045, 0-0
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KUY =F". 47

The shift to the coarse grid occurs after the fine-grid approximation V' has been sufficiently
smoothed by the relaxation process, i.e. after the high-frequency content of the error Vf— Uf
has been sufficiently reduced. The related coarse-grid problem is

L5(U®) = F¢, (48)
where
F¢=R(Ff — Lf(V")) + L*(RVY). (49)

The restriction operator R interpolates a function from the fine grid to the coarse grid. The coarse-
grid operator and solution are denoted by L° and U° respectively. After an adequate
approximation V° to the coarse-grid problem has been obtained, the fine-grid approximation is
corrected via

Vi Vi + P(VC — RVY). (50)

The prolongation operator P interpolates a function from the coarse grid to the fine grid.

A complete multigrid algorithm requires specific choices of the interpolation operators, the
coarse-grid operators and the relaxation schemes. These issues are discussed at length in
References 22-24 for both Fourier and Chebyshev multigrid methods. Numerous linear, variable-
coefficient examples are also provided there. What basically has been concluded about spectral
multigrid techniques is that extraordinary acceleration of convergence may be achieved, even
for difficult problems,?* but at the expense of fairly high overhead in the algorithm. Also, spectral
multigrid tends to be more sensitive to the proper transfer of information between grids than for a
corresponding finite-difference multigrid algorithm, and non-Dirichlet boundary conditions have
a serious impact on convergence.

A somewhat more robust acceleration technique is based on dynamically choosing an ‘optimum’
relaxation parameter, e.g. @ in equation (29). Two techniques have been used with considerable
success. The first is based on requiring that the residual at the (n + 1)th time level be minimum with
respect to an L, inner product. This leads to a preconditioned scheme of the form

Aun+1=_M—I(Lspun_f)zM—an’ (51)
wHl=p"+ 0" Auntl, (52)
where
o't = Cl)']\l,&l - (R”,LspAu"“)(Lsp Au"“,Lsp Aun+1)‘ (53)
n+1

A second choice for w"* ' comes from requiring that the residual at the new time level (n + 1) be
orthogonal to R" under this inner product, i.e.

Wikt = (R", R") (R", L, An"*1). (54)

The subscripts ‘MR’ and ‘OR’ in equations (53) and (54) stand for ‘minimum residual’ and
‘orthogonal residual’ respectively. For linear problems, these algorithms can be formulated so as to
require no more evaluations of L,u than a standard preconditioned iteration scheme. The
minimum-residual scheme has been found to be slightly faster than the orthogonal-residual
scheme for problems with smooth solutions. It has the tendency to ‘fall asleep,” however, and not
converge for more oscillatory problems; the orthogonal-residual scheme is more robust for such
problems. In practice, both methods can achieve order-of-magnitude reductions in residual per
iteration for Chebyshev-discretized Poission equations.
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APPLICATIONS

In this section, a few representative examples of the successful applications of spectral methods to
aerodynamic and fluid mechanic problems will be given. The first example involves solution of the
full-potential equations for subsonic or transonic flow about an arbitrary lifting airfoil. The aspects
of geometric complexity, requirement of a fast solution scheme, and the appearance of
discontinuous weak solutions had to be dealt with in this work. Solution of the boundary-layer
equations will be outlined next. Accurate and fast solution schemes were devised for versions of the
boundary-layer equations from the Blasius form to the two-dimensional inverse form for
computing weakly separated boundary layers. The final application to be described involves
solution of the incompressible Navier—Stokes equations. The particular algorithm to be outlined
here will be shown in the context of predicting the Taylor—-Couette vortex flow in a finite-length
geometry,

In the discretization of the potential equation, the first step is to define a reduced potential by
substracting freestream and boundary surface terms from the total potential function to allow the
use of homogeneous boundary conditions. After a conformal mapping that transfers the airfoil
shape to a circle, the potential equation becomes

%(Rp%g>+%(%g—g~>=0, (55)
where G is the reduced potential, R and ©® are the computational polar co-ordinates and p is the
fluid density. The reduced potential is periodic in @ and satisfies

0G/R=0 at R=1, (56)
G-0 as R-o oo, (57)

and the Kutta condition. The density is given by the isentropic relation

y—1_ 1y-1)
p=<1—TMw(q3+q3—1)> ) (58)
where the ratio of specific heats is denoted by y and M _ is the Mach number at infinity. The velocity
components in the physical (r, 6) plane are
e 10
“=hor> T RRE6’

and the Jacobian between the complex physical plane (z = re®) and the complex computational
plane (6 = Re'®) is

(59)

dz
do
The mapping is numerically generated via a Fourier series. Further details are provided in
Reference 25.

The spectral method employs a Fourier series representation in . Constant grid spacing in ®
corresponds to a convenient dense spacing in the physical plane at the leading and trailing edges.
The domain in R (with a large, but finite outer cut-off ) is mapped onto the standard Chebyshev
domain [ — 1, 1] by an analytical stretching transformation that clusters the collocation points

h=|3. (60)
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Figure 3. Surface pressure coefficient distribution about NACAQ0012 airfoil; subcritical test case, spectral
solution (symbols) versus FLO36 (full curve)

near the airfoil surface. The stretching is so severe that the ratio of the largest-to-smallest radial
intervals is typically greater than 1000,

The flow past an NACAOQ012 airfoil at 4° angle of attack and a freestream Mach number of 0-5is a
challenging subsonic and thus elliptic case. Nevertheless, the spectral solution on a relatively
coarse grid captures all the essential details of the flow. The surface pressure coefficient from the
spectral code AFSP24, using 16 points in the radial (R) direction and 32 points in the azimuthal (©)
direction, is displayed in Figure 3. The symbols denote the solution at the collocation points. For
comparison, the result from the finite-difference, multigrid, approximate-factorization code
FLO36% is shown as a full curve. The grid used in the benchmark finite-difference calculation is so
fine (64 x 384 points) that the truncation error is well below plotting accuracy. The FLO36 and
AFSP results are identical to plotting accuracy. The spectral computation on this mesh yields a lift
coefficient with truncation error less than 10~ 4. Spectral solutions on a 16 x 32 grid are thus of
more than adequate resolution and accuracy for subsonic flows.

The truncation error of the spectral solution decays rapidly with mesh refinement. In Figure 4 is
shown the error in the lift coefficient predicted by the spectral method (AFSP) against the average
mesh spacing in the computational plane, as compared to results from FLO36. The full curves
indicate the relative error of a second-order method, with the same accuracy as each method on its
finest mesh. The superior accuracy of the spectral solution is not surprising, as the solution is
smooth.

In Figure 5 are shown convergence histories from FLO36, the multigrid spectral code MGAFSP
and the finite-difference, approximate-factorization, single-grid code TAIR?”. Meshes which yield
approximately equivalent accuracy were chosen. The surface pressure results are the same to
plotting accuracy, the lift coefficient is converged in the third decimal place and the predicted drag
coefficient is less than 0-001. (Actually, the spectral result is an order of magnitude more accurate
than these limits, but the TAIR result barely meets them.) Figure 6 demonstrates the improvement
produced by the spectral multigrid scheme over the spectral single-grid method (AFSP). There is
well over an order-of-magnitude gain in efficiency.
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The potential flow problem is much more difficult whenever the flow field contains both
supersonic (hyperbolic) and subsonic (elliptic) regions. Nevertheless, the spectral multigrid
algorithm that succeeded for the subsonic flow case requires only a minor modification in order to

succeed for the transonic (mixed)

problem as well.

The most expedient technique for dealing with the mixed elliptic—hyperbolic nature of the
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Figure 6. History of maximum residual versus machine time; subcritical test case, spectral single-grid and
multigrid methods

transonic problem is to use the artificial density approach of Hafez et al.2® The original artificial
density is

p=p—pop (61)
with .
p=max{0,1—1/M?}, (62)

where M is the local Mach number and Jp is an upwind first-order undivided) difference. The
spectral calculations employed a higher-order artificial density formula. The spectral method also
required a weak filtering technique to deal with some high-frequency oscillations generated by the
shock. Details are available in Reference 25.

A lifting transonic case is provided by the NACA0012 airfoil at M, = 0-75 and 2° angle of attack.
A shock appears only on the upper surface for these conditions and is rather strong for a potential
calculation; the normal Mach number ahead of the shock is about 1-36. Lifting transonic cases are
especially difficult for spectral methods, since the solution will always have significant content in
the entire frequency spectrum: the shock populates the highest frequencies of the grid and the lift is
predominantly on the scale of the entire domain. An iterative scheme therefore must be able to
damp error components across the spectrum.

The surface pressure coefficient distribution predicted by the -spectral method for this
supercritical case is shown in Figure 7 for a coarse-grid (16 x 48) solution and a fine-grid (30 x 80)
solution. Note that the shock location and pre-shock pressure level are computed accurately on the
coarse grid. The lift from the coarse-grid solution is also accurate to about 2 per cent, an error level
for which the finite-difference code FLO36 requires a 32 x 192 grid.

The application of spectral methods to the solution of the boundary-layer equations involved the
steady, two-dimensional, incompressible form of the equations, written in Gortler variables.

Momentum

f

¢f _of B(fr—1)— 2{f%€ =0 (momentum), (63)

" Con
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Figure 7. Surface pressure coefficient distribution about NACAQ012 airfoil; supercritical test case: M, =0-75, a =2°

Continuity

o of o
p +f+2€ i 0 (continuity). (64

Equations (63) and (64) define a parabolic system of equations. The boundary conditions in 7 are
f =0 (no slip)
v=0 (no transpiration) atn=0, » (65)
f=1 as np-o0.

The independent variables £ and # are given in terms of the physical variables x and y by

é=ﬁmww, (66)
U.x)
o (67)

where U,.(x) is the imposed inviscid edge velocity. The dependent variables f and v are the
normalized streamwise velocity and stream function respectively:

u
=&, ©9)
o= 254 ZLONT), ©9)

where 4 and ¥ are the physical velocities in the x- and y-directions respectively. The external
pressure gradient parameter f§ is given by

224U,

P=v. e

(70)
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Figure 8. Relative error in skin friction versus number of grid points; Blasius flow, g = 0: spectral Chebyshev (O) and
Legendre () methods and fourth-order box scheme ( )

Both Chebyshev- and Legendre-based collocation discretization were studied,?® to assess their
relative accuracy. Solution of the resulting equations is by preconditioned Richardson iteration.
The coupling between the momentum and continuity equations is maintained in the update
scheme; this was found to be critical for rapid convergence.

The simplest boundary-layer flow, Blasius flow, is obtained by setting (0/0¢) and =0 in
equations (63) and (64). Figure 8 shows that the error in the displacement thickness predicted by
the spectral method for the Blasius equations decays far more rapidly with increasing grid points
than for a fourth-order box scheme. Note also the concave-down shape of the spectral error decay,
characteristic of exponential-order accuracy.

The so-called inverse form of the boundary-layer equations*° is useful for computing flows with
moderate separated regions. In this form, the displacement thickness or skin friction is prescribed,
rather than the external pressure gradient; the pressure gradient is computed in the solution of the
equations. This procedure eliminates the Goldstein singularity in skin friction at the separation
point. For the case shown in Figure 9, the prescribed displacement thickness yields a fairly large
separated region as indicated by the closed streamlines. For this problem, the accuracy of the
spectral method was checked by comparing the predicted skin friction at the point & =161
(indicated by the arrow in Figure 9) with the result from a second-order finite-difference code. For
four-decimal-place accuracy, the spectral method required 40 points in the normal direction and 26
points in the streamwise direction; the finite-difference method needed 240 and 200 points,
respectively, to resolve this sensitive flow to four-decimal-place accuracy. Moreover, the spectral
solution requires only 10 per cent of the CPU time taken by the finite-difference method.
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Figure 9. Spectral solution of inverse boundary-layer equations for separated flow; (a) streamlines, (b) skin friction

Most of the current interest in spectral methods stems not from their successful, but limited,
applications to aecrodynamic problems, but from the strides in fluid mechanical simulations which
they have made possible. The simple geometries for which these simulations have generally been
carried out and the computational effort required for high-resolution solutions of the time-
dependent Navier-Stokes equations yields an area tailor-made for the application of spectral
methods. An extensive review of some of these applications is contained in Reference 31. The
purpose here is not to provide a comprehensive review of past work, but merely to provide
illustrative examples of the applications of spectral methods. The simulation of bifurcation of
states in Taylor-Couette flow!® will serve as such an example, for solution of the incompressible
Navier—Stokes equations by spectral methods.

The Taylor experiment on Couette flow between coaxial circular cylinders has been the subject of
numerous theoretical and experimental studies.>2 This flow is rich in complex phenomena; so rich,
in fact, that they are still being discovered,?® and our understanding of them is far from complete. In
a typical Taylor experiment, the inner cylinder rotates with a constant angular velocity while the
outer cylinder, along with the top and bottom walls, are kept at rest. The relevant geometric
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parameters are the radius ratio, which is the ratio of the radii of the inner and outer cylinders,and the
aspect ratio, which is the ratio of the length of the annulus to its width. The dynamic parameter is
the Reynolds number based on the angular velocity of the inner cylinder and the annulus width.
The Taylor-Couette flow is strongly dependent on all of these parameters. The purpose of our
continuing research effort is to solve the unsteady Navier—Stokes equations by a highly accurate
spectral collocation method with a view to elucidate the underlying processes leading to laminar—
turbulent transition in the Taylor—Couette flow. The main result of these studies is a second-order
transition from a two-cell flow, symmetric under reflection about the midplane, to an asymmetric
single-cell flow that ensues with increasing Reynolds number beyond a certain critical value.

For these simulations, the incompressible time-dependent Navier—Stokes equations are written
in conservative form for a cylindrical geometry. No-slip boundary conditions are enforced for all
radial and axial walls, and periodicity is imposed in the azimuthal direction. The appropriate
discretizations are, therefore, Chebyshev collocation in the radial and axial (r, z) directions and
Fourier collocation in the azimuthal () direction. A splitting scheme is used for the time-accurate
solution of these discrete equations.!® The splitting used is a two-step process in which the
momentum equations without pressure terms are advanced to an intermediate time, then
incompressibility is enforced in an inviscid ‘pressure correction’ step. Boundary conditions must
be carefully handled in both steps, to ensure stability and accuracy; see Reference 18 for details.
The momentum equation is advanced in time using a mixed implicit/explicit scheme, with
low-storage, third-order Runge-Kutta time stepping for the non-linear advection terms and
Crank—Nicolson on the viscous terms to avoid the severe time-step limitation of an explicit
method. Preconditioned MR iteration is used to solve the Helmholtz equations which result
from this time discretization. Additional efficiency is gained by solving these equations in the
wavenumber space of the Fourier discretization, which effectively decouples the three-dimensional
equations into a set of planar equations.

The results presented here pertain to the axisymmetric two-cell/one-cell bifurcation, which
occurs when the Taylor apparatus has an aspect ratio up to about 1-5. The form of the bifurcation
depends sensitively on this parameter; experiments34 show that this transition can change from
supercritical to subcritical with variations in the aspect ratio of as little as 8 per cent.

Most of the results are obtained either by making quasi-static changes in the Reynolds number
and allowing the stable, dominant mode to settle, or by slowly sweeping through a Reynolds
number range, monitoring the change in a particular mode. Of course, using a time-accurate code
to simulate the bifurcations of steady-state solutions is quite inefficient, owing to the extremely
small growth rates near the bifurcation points. However, the eventual aim of this work is to
simulate the turbulence and broadband structure exhibited by Taylor—Couette flow at moderate
Reynolds numbers; and the code was developed with these time-dependent flows in mind. The
ability to simulate accurately the sensitive, steady-state bifurcations at lower Reynolds numbers is
an excellent test for the numerical method.

Moreover, by using a time-dependent computation to investigate the steady-state bifurcations,
we can obtain information on the path which the system follows as states exchange stability. This is
illustrated by the following result. A 17 x 17 grid is used in all these simulations with a few
calculations on a 25 x 25 mesh for accuracy check. The time step in these simulations corresponds
to a maximum Courant number of about 0-2; the time step is limited by accuracy and not by
stability. For the geometry of Benjamin and Mullin®® with a radius ratio 0-615 and aspect ratio
1-05, the symmetric two-cell mode is allowed to stabilize at a relatively low Reynolds number
(Re =62). The Reynolds number is then raised impulsively to 165, above the experimental
bifurcation boundary of about 150, and the growth of the one-cell asymmetric mode is observed.
Random machine round-off error of the order of 10~ *# provides the initial energy for the mode.
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Figure 10. Growth of order parameter and perturbation energy in finite-length Taylor-Couette flow: I' = 1-05, n = 0-615,
Re =150
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Figure 11. Progression of streamlines in crossflow plane, finite-length Taylor—Couette flow

The order parameter used here to quantify the asymmetry of the mode is due to Lucke et al.?®:

f drdz(u(r, z) — u(r, 2))
(71)

l// = .
f dr dz(lu(r, 2) + lu(r, — 2))
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The integrals were performed by spectral collocation. The logarithm of this parameter is shown
in Figure 10 plotted against time in units of the diffusion time scale L?/v. As can be seen, the initial
instability leading to the one-cell mode appears to be linear; that is, exponential growth with time is
observed, with only the later stages being modulated by non-linear effects. Also shown in Figure 10
is a plot of the logarithm of the disturbance energy against time. After an initial period, the
disturbance energy grows at a rate which is within 2 per cent of twice the growth rate of y, as
expected.

Streamlines in a cross-sectional plane at various stages in the two-cell/one-cell exchange are
shown in Figure 11. The locations of these intermediate states on the Y against time curve are
indicated in Figure 10. Note that the progression between states is smooth, without abrupt
collapse or alteration of the flow field structure.

PROBLEM AREAS AND CURRENT RESEARCH

The previous section has briefly demonstrated the breadth of applicability of spectral methods.
There appear to be, however, two major problem areas which somewhat limit the utility of spectral
methods in aerodynamic problems. The first lies in the requirement that the physical domain,
however complicated, must be mapped onto a simple computational domain via a global, infinite-
order smooth mapping. The necessity of high-order smoothness and a global functional
description of the mapping precludes the use of the many powerful and flexible algebraic grid
generators which are used in finite-difference and finite-element calculations. One potential
solution to this problem is to use a so-called ‘elliptic’ or ‘hyperbolic’ grid generator,*”-3® wherein
the mapping equations are discretized by an appropriate spectral method. Such a technique
could be used to map a smooth physical domain onto a computational domain for spectral
solution.

However, if there exist geometric discontinuities, or if there are severe resolution requirements in
an isolated area of the domain, global mapping techniques are inadequate. These difficulties may
be alleviated by the use of a multi-domain technique, in which the physical domain is split into a
small number of subdomains which are independently discretized. The individual discretizations
must be interfaced in such a way as to preserve overall spectral accuracy.

A number of spectral domain decomposition techniques have appeared in the literature. One
popular technique is the spectral element method.?®*° In this technique, discretization in
individual elements is carried out via a variational statement; for advection—diffusion equations, a
mixed collocation—Galerkin discretization is resorted to. Since the flexible and rapid solution
schemes for pure collocation discretizations are inapplicable to such a statement, it appears that
the number of nodes used per domain is limited in practice in the spectral element method.

Other spectral multi-domain techniques based on collocation involve an explicit statement of
continuity of a derivative of the solution across the domain interface. Although adequate in theory,
these methods in practice can produce a local disturbance near the interface, especially when
resolution requirements are severe, and when the discretizations of the adjoining domains are
radically different. Additionally, these techniques require the spectral discretization to include
boundary points lying on the interface, precluding the use of a staggered mesh.

The multi-domain technique of Macaraeg and Streett*! does not suffer from these difficulties. In
this method, a global flux balance statement, generated by an appropriate integration of the
governing equation, provides the necessary interface relation; see Reference 41 for details.

The first example of the application of this technique will illustrate the capability of the method
for resolving very high gradients in a solution, while imposing an interface condition which
preserves spectral accuracy. Consider the viscous Burgers’ equation
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Ul +%(U2)x = VUxx3 XE[— 1, 1],
U(-1,8)=U(1,1)=0, U(x,0) = — sin (nx). (72)

This problem has been studied extensively by a number of authors, using techniques ranging from
standard finite difference to single-domain spectral collocation and spectral element.*? The
solution to this problem develops a very steep gradient region in the centre of the domain; the slope
at x =0 reaches a maximum, then decreases as the initial energy is dissipated away. For the
parameters studied in Reference 42 (v = 0-01/z), this maximum is reached at t = 0-5; a very accurate
analytical solution gives a value of 152:00516 for this maximum slope. The evolution of this
solution calculated from the present method is shown in Figure 12 at time increments of O-1.

In the present study of this problem, three domains were used, the middle domain spanning a
very small region ( £ 0-05) around the ‘shock’. Additionally, a mapping was applied in the middle
domain, to improve resolution, of the form

x' = sinh (fx°)/sinh (f), (73)

where both the computational coordinate x° and the transformed coordinate x*are ¢[ — 1, 1], and
Bis an O(1) constant chosen to control the packing at x' = 0. The maximum stretching allowable in
this mapping is subject to the same restriction as stretchings in single-domain discretizations; e.g.
maximum metric ratios of the order of 10°.

A second-order backward-Euler time-stepping technique was used; a time-step refinement study
was performed to extrapolate out time-stepping errors. For this small one-dimensional problem,
the algebraic system resulting from the spectral discretization of the equation plus interface
conditions was Newton-linearized and solved directly using Gaussian elimination at each time
step.

From the comparison study contained in Reference 42, the two methods giving the best accuracy
for a given number of grid points were single-domain spectral collocation and spectral element.
The collocation scheme used a mesh stretching with a maximum-to-minimum metric ratio of
about 100. Beyond this stretching, a degradation in accuracy was found to occur. The spectral
element discretization utilized four elements with 16 nodes in each. The behaviour of the error in
maximum slope from these methods and the present scheme is shown in Table VI. As can be seen,
the present method with just 35 total points (12 points in the outer domain, 13 points in the middle
domain, 12 points in the left outer domain; hereafter denoted 12/13/12) yields resuits of equivalent
accuracy to the spectral element and single-domain spectral collocation methods of Reference 42,
which both use 64 total points. Further mesh refinements using the present method show
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Figure 12. Solution to viscous Burgers’ equation with time; v =0-01/n
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exponential-order error convergence, as seen in Table VI by the order-of-magnitude decrease in
relative error as the mesh is refined to 20/21/20°and again with mesh refinement of 32/33/32. For
the same total number of points, the present method is an order of magnitude more accurate than
the single-domain collocation or spectral element solutions of Reference 42.

In order to demonstrate the capability of the present method to handle radically different
mappings between adjacent domains, a solution to the above viscous Burgers’ equation for
v=10"% is shown in Figure 13. The maximum slope for this solution is greater than 5000. The
discretization used was 12/31/12; the stretching in the middle domain was so severe that the ratio of
largest mesh spacing in the outer domains to the smallest in the middle domain is greater than 10°.
A factor-of-5000 magnification of the high-gradient region of this solution is shown in Figure 14.
The emphasis in this plot is the oscillation-free resolution of this region. (Linear interpolation
between points is used for plotting, making the plot appear somewhat jagged.)

To demonstrate the generality of this multi-domain technique, a solution to the Poisson
equation

uxx+uyy—cosn2—ycos%, xe[—2,2], ye[—1,1], (74)

u(x, —)=u(x,1)=u(—-2,y)=u2,y)=0
Table VI. Maximum slope and per cent relative error in maximum

slope for viscous Burger’s equation (72); comparison of present method
with results from Reference 42

Method Discretization Maximum Per cent
slope relative error
3 domains:
Present 12/13/12 152:03544 199 (—2)
Present 20/21/20 152-00011 323 (-3)
Present 32/33/32 152-00513 2-14 (—4)
Spectral 4 elements:
element*? 16/16/16/16  152:04 229 (-2)
Spectral 1 domain:
collocation*? 64 152:025 131 (=2
Exact*? 152:00516
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Figure 13, Solution to viscous Burgers’ equation with time; v=10"%
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Figure 15. Skewed curvilinear multidomain mesh

was obtained on the skewed two-domain mesh shown in Figure 15. This mesh, containing 17 x 16
and 18 x 17 points in the left and right domains respectively, was generated by first choosing the
interface line, in this case a cubic polynomial. Chebyshev distributions with respect to arc length
were used to establish the mesh points on the interface, as well as along the domain boundaries at
x = £ 2. One curvilinear co-ordinate family was generated by connecting these corresponding
points with straight lines. Mesh points along these co-ordinate lines were then established with
Chebyshev distributions with respect to arc length, resulting in a sheared non-orthogonal mesh.
Equation (74) was written in generalized contravariant flux form; the metrics were evaluated by
spectral differentiation of the co-ordinate distributions. The flux component normal to the
interface was taken to be centinuous in the interface condition. As can be seen in the isolines of the
solution shown in Figure 16, the solution is everywhere smooth and regular.



1186 C. L. STREETT

-

Figure 16. Isolines of solution to Poisson equation on mesh of Figure 15

The second major difficulty in the application of spectral methods to aecrodynamic problems
occurs when the solution being sought is discontinuous. This situation appears, for instance, in the
solution of the compressible Euler equations for supercritical flow with shocks. The difficulty is
that the spectral global basis function ‘it’ of the discontinuous solution is subject to Gibbs’
phenomenon and global low-order error convergence, since the accuracy of a spectral discretiz-
ation is tied to the smoothness of the function being discretized. A solution may be obtained
through the use of an artificial viscosity, as used in finite-difference or finite-element computations;
or, equivalently, through the use of a filter. These techniques attenuate the high-frequency
oscillations, rendering the solution essentially smooth on the scale of the mesh spacing. This
technique was used in the application of spectral methods to supercritical potential flow discussed
previously. Although solutions may be obtained by this procedure, spectral high-order accuracy is
lost, and thus any advantage of the use of a spectral method is difficult to justify.

One possible solution to this problem is the coupling of a multi-domain technique with a shock-
fitting algorithm. In such a method, the position of the interface and the jump conditions across it
are part of the solution. Another technique under study is to obtain the oscillatory solution which is
characteristic of a spectral discretization of a discontinuous function and post-process it in such a
way as to extract a spectrally accurate discontinuous solution. Such methods rely heavily on
information content theories of Lax,** which state essentially that the oscillations contain
information about the tail of the truncated series representing the discontinuous function, and thus
contain high-order information about the discontinuity.

A number of methods to extract this information are being explored.**#> The first involves a
concept of weak convergence. Say a solution is sought to

u,=Lu, (75)

where L is a linear differential operator and the initial condition u(x,0) is discontinuous. The
spectral solution to (75), uy, may not approximate well, pointwise, the exact solution u, but it may
be shown** that

L

(un, §) = (. @) + ¢, (76)
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Figure 17. Isolines of viscosity-free solution to Euler equations with shock

where ¢ is a smooth test function and the error ¢ is
e~ll@l/N° s, (7"

and thus is spectrally small. This is the concept of weak convergence of the spectral solution to the
exact solution. A particular construction of ¢ may be used to extract spectrally accurate data from
uy away from the discontinuity:

¢=0:16,, (78)

where ¢, is a spectral approximation to the Dirac delta function and ¢, is a smooth cut-off
function, which is zero outside the smooth region around the point under consideration. The inner
product of this test function with the spectral solution may be shown** to yield a spectrally
accurate pointwise approximation to the exact solution. In practice, the accuracy of this technique
depends on the distance from the discontinuity and works well only for large of N. The theory for
this technique is available for a Fourier—Galerkin discretization of a linear differential operator;
extension to the Fourier collocation case requires a modification of the initial data.

Another technique for dealing with a discontinuous solution is to fit a discontinuous function to
the oscillatory spectral solution and extract the smooth part of the solution, which is, presumably,
high-order accurate. An accurate estimate of the location and strength of the discontinuity may be
obtained by this method.**> Figure 17 shows such an application. A Chebyshev collocation
solution to the 2-D Euler equations was obtained on a9 x 9 mesh with boundary conditions which
produce a shock running at an angle through the domain. No artificial viscosity or damping was
used in the computation due to the coarseness of the mesh; large oscillations appeared in the
solution due to the shock. The oscillatory solution was post-processed by fitting with a step
function; the shock location in the domain was recovered to 0-1 per cent of the exact solution, and
the constant pre- and post-shock states were computed to 1 per cent. Note that the recovered shock
location is two orders of magnitude more accurate than stating that the shock occurred at a
particular mesh point, since the average mesh spacing in the field was 1/8. The discontinuity
subtraction technique thus yields high-order accurate information on the location and strength of
discontinuity in a spectral solution; however, discontinuous higher derivatives still remain.
Application of a ‘weak convergence filter’ could provide a final, spectrally accurate solution.

CONCLUSIONS

Spectral methods have shown their utility on a wide range of aerodynamic and fluid mechanic
problems. The primary advantage of their use over traditional finite-difference and finite-element
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techniques lies in the high-order accuracy shown by these methods on properly formulated
problems. This property can be used either to efficiently produce engineering-accuracy solutions or
to generate solutions with accuracy unattainable by other methods. The latter situation is typically
encountered in simulations of sensitive fluid mechanic phenomena. The further property that
spectral methods strongly mimic the continuous solution to the analytic differential equation being
discretized has been found to be crucial for bifurcation simulations.

On the negative side, spectral methods are considerably more difficult to apply successfully than
finite-difference or finite-element methods. Spectral methods are pathologically sensitive to
formulation inconsistencies, due to their strong conformity with the behaviour of analytic
differential equations. The use of proper boundary conditions is particularly crucial. Also, since the
algebraic systems obtained from spectral discretization tend to be full and ill-conditioned, efficient
solution schemes, are essential for the practical application of spectral methods. In addition, the
requirement for global smooth mappings complicates their application in complex physical
domains. Finally, discontinuous solutions necessitate special formulation and processing of the
spectral method if the high-order property is to be maintained. Research in these areas is
continuing, with considerable progress being made.
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